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Abstract 

We study the kinematic relative velocity of general test particles with respect to 
stationary observers (using spherical coordinates) in Schwarzschild spacetime, obtaining 
that its modulus does not depend on the observer, unlike Fermi, spectroscopic and 
astrometric relative velocities. We study some fundamental particular cases, generalizing 
some results given in other work about stationary and radial free-falling test particles. 
Moreover, we give a new result about test particles with circular geodesic orbits: the 
modulus of their kinematic relative velocity with respect to any stationary observer 
depends only on the radius of the circular orbit, and so, it remains constant. 

1 Introduction 

The concept of "relative velocity" of a test particle with respect to an observer in general 
relativity is only well defined when the observer and the test particle are in the same event. 
Nevertheless, the notion of relative velocity of a distant test particle is fundamental in physics 
and so, it was revised by the IAU using reference systems adapted to the solar system 
(see [HE]). Thereby, some authors have introduced new geometric concepts motivated by 
the coordinate-dependence of some definitions; for example, scaled Fermi- Walker derivatives 
let us define geometrically local notions of velocities of a test particle with respect to a 
congruence of observers (see [3]). Moreover, four different intrinsic geometric definitions of 
relative velocity of a distant test particle with respect to a single observer were introduced 
in [4] . These definitions are strongly associated with the concept of simultaneity: kinematic 
and Fermi in the framework of "spacelike simultaneity", spectroscopic and astrometric in the 
framework of "lightlike simultaneity". These four concepts each have full physical sense, and 
have proved to be useful in the study of properties of particular spacetimes (see |H [HI U\ ) • 

Following this line, we are going to study the kinematic relative velocity of test particles 
with respect to stationary observers in Schwarzschild spacetime. This velocity shows a kind of 
"Newtonian behavior" in this spacetime unlike the other three velocities, and some interesting 
properties about stationary observers hold, as we are going to develop in the present work. 

This paper is organized as follows. In Section[2j we establish notation and define the 
concept of kinematic relative velocity. In Section (sTwe introduce the Schwarzschild metric 
in spherical coordinates and their corresponding stationary observers, giving some lemmas 
that are applied in Section [4] to obtain the main result: the expression of the modulus of the 
kinematic relative velocity of a general test particle with respect to any stationary observer. 
We also study in this section some fundamental examples that were previously introduced 
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Figure 1: Scheme of the elements involved in the definition of the kinematic relative velocity of 
/?' (test particle) with respect to (3 (observer) . The curve ip is a spacelike geodesic orthogonal 
to the 4-velocity of f3 at p, denoted by u. The vector v! is the 4-velocity of /?' at q. 



in [4], generalizing the results obtained in that paper, and we present a new example about 
circular geodesic orbits. Finally, Section [5] gives concluding remarks that lead to a property 
that extends to general relativity the main result. 



2 Definitions and notation 

We work in a Lorentzian spacetime manifold (A4,g), with c = 1 and using the 'mostly plus' 
signature convention ( — ,+,+,+). Wc suppose that M. is a convex normal neighborhood; 
thus, given two events p and q in M., there exists a unique geodesic joining them (results 
on the existence of convex normal neighborhoods in scmi-Riemannian manifolds are given 



in [5], pp. 129-131; see Remark 2.1 for a discussion about working in a non convex normal 
neighborhood). The parallel transport from q to p along this geodesic is denoted by r qp . If 
(3 : / — > A4 is a curve with / Cla real interval, we identify (3 with the image j3I (that is 
a subset in M), in order to simplify the notation. Vector fields are denoted by uppercase 
letters and vectors (defined at a single point) are denoted by lowercase letters. Moreover, if 

1/2 

a; is a spacelike vector, then := g (x, x) is the modulus of x. If X is a vector field, X p 
denotes the unique vector of X in T p A4. 

In general, we say that a timclike world line j3 is an observer (or a test particle). Nev- 
ertheless, we say that a future-pointing timelike unit vector u in T p M is an observer at p, 
identifying the observer with its 4-velocity. 

The Landau submanifold L pu (also called Fermi surface) is given by all the geodesies 
starting from p and orthogonal to u (see [HI OH [3]). 

2.1 Kinematic relative velocity 

Throughout the paper, we consider an observer /3 and a test particle /3' (parameterized by 
their proper times) with 4- velocities U and U' respectively. Let u := U p be the 4-velocity 
of j3 at an event p and let q be the event of j3' such that there exists a spacelike geodesic tjj 
orthogonal to u joining p and q (see Figure [l]). Note that since we work in a convex normal 
neighborhood, this event is unique and it is given by q := L PtU n /?'. We denote u' :— U' q in 
order to simplify the notation. 

The kinematic relative velocity of u' with respect to u is the vector 

«km := t^—. — ^ qp u' - u. (1) 

-g{T qp u',u) 
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In the case p = q, this definition coincides with the usual concept of relative velocity 



V = — rU - U, (2) 

-g[u',u) 

which is only defined when u and u' are in the same tangent space. 

Note that Vkin is spacelike and orthogonal to u, and the square of its modulus is given by 

Ikkinll 2 =sKin,Vkin) = 1 : ~ ^ 2 = 1 — ~ ~2 , (3) 

g{T qp u',u) g(u',T pq u) 

since parallel transport conserves the metric. Varying p along /3, we construct the vector 
field Vidn defined on /3, representing the kinematic relative velocity of /3' with respect to /3 
(see |11 |TT]). Throughout the paper we are going to denote Vkin := Vki np as we have already 
done in this section. 



Remark 2.1 The concept of kinematic relative velocity can be extended to non convex 
normal neighborhoods. If p is an event of the observer ft with 4- velocity u, q is an event of the 
test particle f3' with 4- velocity u' , and ip is a spacelike geodesic segment orthogonal to u joining 
p and q, expression ([!]) defines a kinematic relative velocity of u' with respect to u, where r qp 
represents the parallel transport from q to p along tp; in this case, there exists a unique v^i n 
associated to the set {p, q, tp}. Working in a convex normal neighborhood implies that given 
p, there exists a unique set {p, q, tp} satisfying the above conditions, and so there is a unique 
«kin associated to this p. But if we work in a non convex normal neighborhood, we could 
find different sets {p, q,ip'}, {p,q' ,ip"}, . . . satisfying the above conditions, and hence, there 
would be a different Ukm f° r each set. This extension can be also done for the other concepts 
of relative velocity and, for example, in the framework of lightlike simultaneity, if there is 
gravitational lensing then each image of the observed object has a different spectroscopic and 
astrometric relative velocity. 



3 Stationary observers in Schwarzschild spacetime 

The Schwarzschild metric in spherical coordinates {t, r, 9, ip} is given by the line element 

ds 2 =-U-^\ dt 2 + (l - ^\ 1 dr 2 + r 2 (d6 2 + sin 2 9d V 2 ) , (4) 

where the parameter m is interpreted as the mass of the gravitating object, r > 2m is the 
radial coordinate, and < 9 < n. From now on we are going to suppose that the coordinates 
hold these restrictions. 

In the framework of this coordinate system, a stationary observer is an observer with 
constant spatial coordinates and its 4-velocity is given by 

Note that stationary observers are not geodesic, but they are useful in the description and 
interpretation of the Schwarzschild spacetime because the vector field is Killing. Moreover, 
we can consider asymptotic exterior observers making r — > +oo from stationary observers. 
Next, we are going to give some lemmas that will be applied in the next section. 

Lemma 3.1 Let p be an event of a stationary observer, and let u = U p be its J^-velocity at 
p, see ([5]). Then, the Landau submanifold L PiU is contained in the hypersurface t — to, where 
to is the coordinate time of p. 
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Proof. The Landau submanifold is formed by all the spacelike geodesies starting from p and 
orthogonal to u at p; let ip be one of these geodesies (affincly parameterized) and let S be its 
tangent vector field. Since the vector field is Killing and taking into account we have 



= (l- 2 -^y 2 g(S p ,u) = 0, (6) 



where r$ is the radial coordinate of p, and S p is orthogonal to u. Hence, from (16| and taking 
into account that the metric Q is diagonal, we have that S* = 0, and so i/ris constant, 
concluding that ip is in the hypersurface t = to- 



Lemma 3.2 The vector field U given by ([5| is parallel transported along curves in hyper- 
surfaces of the form t — constant, i.e. curves with constant time component. 

Proof. Let tp be a curve in a hypersurface of the form t = constant and let S be its tangent 
vector field. Hence S t = 0, and taking into account the Christoffel symbols of the metric, 
there is only one nontrivial equation for the parallel transport of U along ip: 

^-S r + r t rt S r u t = o => f^ + —^—u t )s r = o. (7) 

dr \ dr r(r - 2m) / 

2m\- 1 / 2 



Since U* = (l - ^) 1 , equation @ holds for any S r 



4 Modulus of the kinematic relative velocity with re- 
spect to stationary observers 

In this section, we are going to work in the Schwarzschild metric using spherical coordinates. 
Moreover, we are going to consider a stationary observer containing p = (to, ro, 9q, tpo), whose 
4- velocity at p is u = U p , where U is the vector field given by 

Theorem 4.1 Given a test particle with ^-velocity v! at q = (fg, fi, 0i, V?i); we have 

ll«Ul a = IMI 2 = i- 7 ? V^' (8) 

(?'! — 2m) (u n ) 

where Vkm is the kinematic relative velocity of v! with respect to the stationary observer u, 
and v is the usual relative velocity of u' with respect to U q . 



Proof. Using Lemmas 3.1 and 3.2 we have that T pq u = U q . Then, by ([2]), ^ and |5| the 
result holds. 

■ 

Since Q does not depend on u, the kinematic relative velocity shows a kind of "Newto- 
nian behavior" when it is measured by stationary observers, unlike the other three relative 
velocities (Fermi, spectroscopic and astrometric) , that do not have this behavior in general, 



(see Figure [2]). Moreover, making ro — > +00 we obtain that Theorem 4.1 also holds for 
asymptotic exterior observers. 

Remark 4.1 Schwarzschild spacetime is not a convex normal neighborhood and then we 
have to take into account Remark |2.1| Following the notation of that remark, Lemma [3.1| 
assures that given p € /3 there exists a unique q G 0' such that q e L PtU (because p and q 
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must have the same coordinate time), and viceversa; but there could exist different spacelikc 
geodesies orthogonal to u joining p and q, and consequently, different kinematic relative 



velocities of v! with respect to u. Nevertheless, we can conclude from Theorem 4.1 that all 
of these velocities have the same modulus. 

Next, we are going to study some fundamental particular cases. 
4.1 Stationary test particles 



Taking into account Theorem 4.1 and ([5]), the kinematic relative velocity of a stationary 



observer (in the role of a test particle) with respect to any other stationary observer is zero 
(in [3] it is proved in the particular case of stationary observers aligned with the origin, i.e. 
with the same 9 and ip coordinates). In fact, it can be proved that the Fermi and astromctric 
relative velocities are also zero, because they are based on changes of relative position. On 
the other hand, the spectroscopic relative velocity is not zero and produces the gravitational 
shift (see 

4.2 Radially inward free-falling test particles 

In [4] it is also studied the case of a radially inward free-falling test particle at r\ with respect 
to a stationary observer at tq > r\ and aligned with the test particle (i.e. with the same 
9 and <p coordinates). Without loss of generality we can consider that the test particle has 
9 = ir/2 (i.e. it is equatorial) and <p — (because it is radial), and so its 4- velocity at 
q = (t , 7-1,71-/2, 0) is given by 



.^(^.-^-(l-^Ao), (9) 

1/2 

where E := ^ 1 1 2 "^ r "" J is a constant of motion, ri nl is the radial coordinate at which the 

fall begins, and V[ n i is the initial velocity (see [H]). It was obtained that the square of the 
modulus of the kinematic relative velocity with respect to an aligned stationary observer is 

-j^ 2 m 

lki„|| 2 = i--^. (io) 



From Theorem 4.1 and the expression of u n given in ([9]), we can generalize this result obtain- 
ing that (10 1 is also valid for any stationary observer not necessarily aligned with the test 
particle. 

4.3 Test particles with circular geodesic orbits 

Another important and interesting case is that of a test particle with circular geodesic orbit 
at radius r\ > 3m, that we can suppose equatorial (without loss of generality) and whose 
4-velocity is then given by 

^(,pV,o,o,I,m. (11) 

This case is very hard to study analytically and only numerical results have been obtained. 
Nevertheless, taking into account Theorem 4.1 and the expression of U n given in (11), the 



square of the modulus of the kinematic relative velocity of the test particle with respect to 
any stationary observer is constant and given by 

PW|| 2 = — ( 12 ) 
n — 2m 
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Figure 2: Retarded comparison (see [7]) of the moduli of the kinematic, Fermi, spectroscopic 
and astrometric relative velocities of a test particle with equatorial circular geodesic orbit 
with radius r\ =4, 9i — tt/2 and (p± = at t = 0, with respect to a stationary observer 
at ro = 3 (left) and tq = 8 (right), 6q = n/2 and <pa — 0, in the Schwarzschild metric with 
m = 1. The modulus of the kinematic relative velocity (dashed line) remains constant and 
equal to yl/2. They have been numerically computed with a relative error less than 10~ 6 . 



Since (12 1 only depends on r\, the behavior of the kinematic relative velocity is even more 



"Newtonian" compared with the other three relative velocities whose moduli are not constant 
(see Figure [2]). 



5 Final remarks 



Theorem |4.1| assures that the modulus of the kinematic relative velocity of a test particle 
with respect to a stationary observer can be computed choosing any stationary observer. 
Moreover, stationary observers are kinematically comoving (see [1]) between them as it is 



proved in Section 4.1 In fact, from Theorem |5.1| we obtain the next result that holds in any 
metric, generalizing Theorem |4.1| given a congruence of kinematically comoving observers, 
the modulus of the kinematic relative velocity of a test particle with respect to any observer 
of the congruence remains constant. 

Theorem 5.1 Let U be a congruence of kinematically comoving observers. Given a test 
particle with ^-velocity u' at q and given p such that q G L p , u (with u :— U p ), we have 



(13) 



where Vki n is the kinematic relative velocity of u' with respect to u, and v is the usual relative 
velocity of u' with respect to U q . 

Proof. Since U is a congruence of kinematically comoving observers, the kinematic relative 
velocity of U q with respect to u is zero, and so, by ([3| we have that g (U q , r pq u) 2 = 1. Hence, 
g {U q , T pq u) = —1 because they are timelike and future-pointing, and then r pq u — U q , because 
they are also unit. Finally, by ^ and Q we have 1 1 i^kin 1 1 2 = 1 — g ( M /\/ p = IMI am ^ so > 
(p| holds. 
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Theorem |5.1| can be also expanded to spectroscopic relative velocity taking into account 
a congruence of spectroscopically comoving observers and the past-pointing horismos sub- 
manifold E~ (see [T5j S] ) instead of L PtU ; but stationary observers are not spectroscopically 
comoving between them in Schwarzschild spacetime, and so, we can not apply it in our case. 
On the other hand, this result does not hold in general for Fermi or astrometric relative 
velocities: for example, the congruence of stationary observers is also Fermi comoving and 



astrometrically comoving (see Section 4.1), but the modulus of the Fermi or the astrometric 
relative velocity of a test particle depends on the chosen stationary observer (see Figure [2]) . 



All these facts and the results obtained in Section [4] (specially in Section 4.3 where it 



is shown that the modulus of the kinematic relative velocity of a test particle with circular 
geodesic orbit with respect to a stationary observer remains constant) leads to the conclusion 
that the kinematic relative velocity can be interpreted as the most "Newtonian-like" velocity 
of the four geometric velocities introduced in @]. 
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